Abstract. We find exact solutions for isotropic cosmological models containing a self-interacting scalar field possessing an interaction potential of a general class. In particular, we consider the combination of exponential potentials arising from a perturbation expansion in superstring theories. We also consider a general class of potentials that give rise to power-law and polynomial chaotic inflation, as well as the intermediate inflationary models. We compute the scalar and tensor perturbations produced in those models and use the exact solutions obtained to examine the consistency of the first-order slow-roll expansion.
Introduction
Severe criticisms to the standard cosmological model [1] , related to the existence of particle horizons and problematic initial conditions, could be avoided if the universe underwent an accelerated growth during the early stages of its evolution [2] . Inflationary cosmologies, born of this scheme, also have the advantage of offering a mechanism for the generation of the seed fluctuations for structure formation. In its most widespread version, the inflation is driven by a dynamical slowly rolling self-interacting scalar field with different kinds of potentials or different couplings to the curvature. Indeed, when the potential energy dominates the kinetic energy, it produces violation of the strong energy condition [3] [4] [5] , driving the universe into an inflationary period [2, [6] [7] [8] .
Currently, there is no underlying principle that uniquely specifies the potential for the scalar field. Many proposals have been considered, some of them based on particle physics and gravitational theories [9] and others postulated ad hoc to obtain the desired evolution [10] . Recently, there has been considerable interest in scalar fields with the Liouville form (exponential) potential. It arises as an effective potential in many theories such as JordanBrans-Dicke theory, Salam-Sezgin theories, the superstring theories and others [11, 12] . Indeed, most theories undergoing dimensional reduction to an effective four-dimensional theory, result in a linear combination of exponential potentials, and one of these will always dominate asymptotically [12] [13] [14] . Very little is yet known about exact solutions of these cosmological models [15] [16] [17] [18] , as a consequence, the consistency of the potential slowroll approximation in the study of fluctuations generation is generally approached through asymptotic techniques in the large-ϕ region [19, 20] .
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Four-dimensional models with potentials containing a single exponential term have been investigated by many authors in the isotropic [4, 12, [15] [16] [17] [18] [19] [20] [21] and anisotropic [16, 22, 23] , cases. The inflationary nature of the models in an (N + 1)-dimensional Friedmann spacetime has also been discussed in [24] , in the case of N = 2, and in [25, 26] . In this paper we extend these investigations and obtain exact solutions for some (N + 1)-dimensional Robertson-Walker cosmologies with a scalar field ϕ, self-interacting through different kinds of potentials. In section 2 we present the main equations and develop the expressions for the case in which all the dynamical variables my be expressed as functions of the scalar field ϕ. In section 3 exact solutions to the Einstein-Klein-Gordon problem are obtained. There, we present two alternative procedures to solve the equations and apply them to the case of exponential and polynomial potentials as well as to a combination of both. We show that the present scheme allows us to obtain analytical solutions for a wide class of potentials, such as those derived from superstring theory presented in [14] ; those related with the assisted inflation scenario [27] and a generalization of the family of potentials first considered in [28] , which leads to several varieties of inflation, including power-law, de Sitter and intermediate inflationary universes [29] . In section 4 we study the scalar and tensor perturbation spectra produced by some inflationary solutions obtained in the previous section. We also compute the amount of inflation produced in these models by means of the reduction factor of the comoving Hubble length N(ϕ) [19] . The exact solutions obtained are also used to test the consistency of the first-order slow-roll expansion. In section 5 the conclusions are stated.
Equations of motion
Let us consider an (N + 1)-dimensional homogeneous and spatially flat spacetime with a line element of the form
where a(t) is the scale factor. We assume that a self-interacting scalar field ϕ is minimally coupled to the metric of the (N + 1)-dimensional spacetime. The action functional for this problem in given by
where x = (t, x i ), V (ϕ) is the self-interaction potential of the scalar field and 8πG = 1 is assumed hereafter, with G the generalized gravitational constant. The Klein-Gordon and Einstein field equations are conveniently written down as
where H =ȧ/a, with an overdot representing a temporal derivative and the primes denoting derivatives with respect to ϕ. By combining equations (3) and (4) one obtains the equatioṅ
In order to obtain exact solutions of the system (3) and (4), we shall assume here that both H andφ are explicit functions of ϕ [26, 30] , then wheneverφ = 0, equation (5) can be rewritten as
So, from (4) and (6) the potential functional may be expressed as
By restricting ourselves to the special case wherė
with G(ϕ) having a definite sign, the following expressions for the comoving time t, the Hubble variable H , the expansion scale factor a and the potential function are obtained
Also, in order to analyse the singularities of the solutions, it is useful to express the Ricci scalar R in terms of the field as
In the following section we present several interesting applications of this procedure.
Classes of generating functions
The possibility of obtaining exact solutions to equations (3) and (4) through the scheme (8)- (12) depends on the adequate choice of the generating function G(ϕ). Here we present two different approaches.
H-linear generating functions
By considering the class of generating functions of the form
where A is a constant and L(ϕ) an arbitrary function of the scalar field, we obtain from (3)-(6) the following linear ordinary differential equation for H (ϕ):
The general solution of (15) reads
Let us consider in first place, as an explicit dependence for the arbitrary generating function L(ϕ), the family of linear combinations of exponential functions. It is convenient to define z ≡ e −A/(N −1)ϕ as the homogeneous solution of (15) . We take L(ϕ) to be of the form
with D an arbitrary constant and n 1. Furthermore, from (16) and (14) we obtain
where C is an arbitrary integration constant. We shall examine the simplest case m = n = 1, where equations (18) and (19) become
which, from (12) and the particular case
which is precisely the result obtained by Easther (equation (65) in [14] ) for the first two terms in a superstring-motivated perturbation expansion for the potential. From (11) and (20) one may calculate the scale factor as a function of time. Analogously, by choosing m = n = 2 we obtain
and the potential
which is another case of a potential derived from superstring theory presented in [14] . As a last example of exponential potentials, we shall consider the case n = 1, m = 2 in the expansion for L(ϕ). Restricting ourselves to the case where C = 0 we obtain from (12)
and, from (9) and (11) t (z)
The evolution (22) and (23) has an initial singularity with an unbounded energy density corresponding to large values of |ϕ|. The initial evolution is of the form a ∼ t p with p = (N − 1)/3A 2 , presenting, when A 2 < (N − 1)/3, an initial power-law inflationary stage, as is usual in exponential potential models. It is worth noting that, assuming N = 3 and being the asymptotic behaviour of the potential (21) V ∼ z 6 ∼ e −3Aϕ , one would expect, for a single exponential term of this kind a behaviour of the form a ∼ t 2/9A 2 , however, the total effect of the linear combination of exponential potentials (21) produces an exponent three times bigger. This fact resembles the assisted inflation scenario [27] , where many scalar fields with exponential potentials co-operate to produce an inflationary stage, even if each of the individual fields has a potential which is too steep to sustain inflation on its own. In this case, however, there is only one field with a linear combination of exponential potentials which produce the same effect.
Finally, we shall consider a polynomial form for L(ϕ), for example, the two-parametric family of quadratic functions
we obtain from (16)
where B = A/(N − 1). Then, from (14) we havė
which may be integrated by quadratures to obtain
From (11) the scale factor may be written as
where C is a combination of the old integration constants. Inserting (24) in (25) one obtains the explicit form of the scale factor
where
Finally, from (12), the fourth-order potential
is obtained. Depending upon the relations among parameters, the potential (27) may allow spontaneous symmetry breaking, and the corresponding evolution (26) may represent the departure from an initial de Sitter stage or the asymptotic approach to a final de Sitter stage.
Multiplicative groups of generating functions
From the role of the generating function G in (9) and (10), it follows that if there exists a class of analytically integrable functions containing both G(ϕ) and G(ϕ) −1 , then the problem will be completely solved if we can compute the remaining integral (11). Here we shall consider multiplicative groups of generating functions depending on a set of parameters λ 1 , . . . , λ r , which means that
for some parameter transformations λ j = λ j (λ 1 , . . . , λ r ), j = 1, . . . , r. The simplest case of such a multiplicative group is that of the monomial generating functions
with ω and n constants, n = −1. In this case, we obtain from (12) the potential
which corresponds, when N = 3 and n < −1, to the model studied in [26] having a power-law tail at large ϕ and connected, by this reason, with the cosmological model of Peebles and Ratra [31] .
We shall now consider wider families of generating functions, such as
We obtain from (9) and (10) t (ϕ)
These integral expressions can be recast in terms of incomplete gamma functions [32] as
where we have defined
When p is a non-negative integer, the potential V (ϕ) becomes a combination of terms of the form
which was first considered by Barrow in [28] . It was shown in [29] that several varieties of inflation, including power-law, de Sitter and intermediate inflationary universes, emerge as special cases of (32) . Although the incomplete gamma function in (29) may become complex for arbitrary values of q and λ, its imaginary part is constant on the real axis when q is an integer, and can be cancelled by the integration constant. Solutions (29) and (30) reduce to the family found in [28] in the special case where q = 0, H 0 = 0 and ω = (mλ) −1 . As an application of this procedure we shall consider the case where n = −3, m = −2 and λ = . We shall make two choices for the remaining parameters H 0 and ω: (a) H 0 = 0. In order to normalize V (ϕ) as tending to unity for large ϕ, we choose ω = −2/ √ 3. In this case we have
which is a bounded even function of the field, and is represented in figure 1 . By an adequate choice of t 0 to cancel the constant imaginary part, we obtain from (29) the parametric expression for the time
where E 3 is the exponential integral function of third order. t (ϕ) ranges from t → −∞ for ϕ → ∞ to t → ∞ for ϕ → 0. The parametric expression for the scale factor is ϕ 2 / √ 3 presenting an initial de Sitter stage. In figure 1 the behaviour of the energy density is also shown: the scalar field slow-rolls from the flat region of the potential at large ϕ, to go through the potential well zone where inflation is stopped and finally reaches a second slow-roll regime near the point ϕ = 0. As both the potential (33) and the kinetic energy G(ϕ) 2 /2 from (28) are bounded, the solution is non-singular according to (13) .
It is worth noting that the restriction (8) prevents us from obtaining solutions showing an oscillating behaviour about the minimum of the potential where the energy density is clearly not a function of the field. This feature is patently exemplified in the following case. . Here we choose ω = 1 + 2/ √ 3 for normalization, now the potential is given by
which is also a bounded even function of the field represented in figure 2 . By choosing t 0 adequately, we obtain
which ranges from t → −∞ for ϕ → 0 to t → ∞ for ϕ → ∞. Here we start in the remote past with the field in the local maximum at its null value, we expect the dissipative system to fall into the potential well to end up in the local minimum after an oscillating stage. However, the particular solution selected by the present scheme becomes anti-dissipative, as the sign of H is reverted, allowing the system to escape from the well. This feature is shown in figure 2 for the energy density. The parametric expression for the scale factor is
which represents a recollapsing universe (a(ϕ) approaches zero when ϕ → 0 or ϕ → ∞). From the corresponding expression for H (ϕ) it can be seen that it approaches 1 2 when ϕ → 0 and −1/ √ 3 when ϕ → ∞, producing an initial de Sitter stage and an exponential vanishing of a(t) corresponding to the initial and final slow-roll regime of ϕ. As in the former case, both V (ϕ) and G(ϕ) are bounded, resulting in a non-singular universe.
Another class of exact solutions, corresponding to general power-law potentials, can be generated by choosing
From (9) and (10) we obtain
These integral expressions can be recast in terms of incomplete beta functions [32] as
with p and q given by (31) . When p is a non-negative integer, H (ϕ) is a polynomial expression and, if m is a positive integer, the potential V (ϕ) becomes polynomial. Solutions (39) and (40) reduce to the family found in [28] in the special case of q = 0. Also, the exact solution of the form ϕ = A csch(−ωt) proposed in [33] belongs to the present case. Here we shall consider the case where n = 1, m = 2 and λ = µ = ω = 1 2 with H 0 = 1/24λ. The potential reads whose behaviour for positive small ϕ values, near the local maximum at ϕ = 0, is shown in figure 3 . By choosing t 0 = 0 we find
which ranges from t → −∞ for ϕ → 0 + to t → 0 − for ϕ → 1 − . The parametric expression for the scale factor is
which represents an expanding universe with H (ϕ) = 1 − ϕ 2 3/2 /12, presenting an initial de Sitter stage. This solution ends up at the finite time t 0 = 0, where all the derivatives of a(t) become null. The behaviour of the energy density can be seen in figure 3 , where the initial slow-roll regime, the well region and the turning point at ϕ = 1 are shown. Beyond this point, the restriction (8) will no longer hold. As in the previous examples, both V (ϕ) and G(ϕ) are bounded, so there are no singularities.
Density and gravitational wave fluctuations
The fact that the contributions of the density and gravitational wave fluctuations differ significantly in different inflationary universe models, has motivated a detailed study of all of the alternatives. In this context, it is interesting to derive the spectral indices for the perturbations that would be created during the periods of inflation described by the solutions given above.
We define the Hubble slow-roll parameters [19, 34] H ≡ −Ḣ
where we have assumed N = 3 in this section. The condition for neglecting the kinetic term in (4) is H 1, while |η H | 1 is the condition for neglecting the acceleration term in (3). These parameters are required to be small and constant while the mode k is leaving the horizon in order to obtain first-order results in the slow-roll expansion. In this case, the amplitudes P S and P T for the scalar and tensor perturbation spectra, respectively, read [9, 35] 
The spectral indices n S and n T of the scalar density and gravitational wave fluctuations, defined as
ln k are given to first order by [36] 1 − n S = 4 H − 2η H , n T = −2 H , where H and η H have to be evaluated when the wavenumber of interest leaves the horizon during inflation. The availability of exact solutions allows us to perform a consistency test for the first-order slow-roll approximation (46) and (47). To perform this test, we can compare the rate of variation of H and η H with the physical wavenumber of the perturbation. Then, for the parameters H and η H to be considered constant while the mode k is leaving the horizon, it is required that
Here, the availability of exact solutions allows us to express the relevant variables as functions of the inflation field [37, 38] . Let us first consider the solution (34) and (35), in this case we have In the present example we have a chaotic inflationary stage (starting at t → −∞), and k/a becomes comparable to the rate of variation of H (which is bigger than the corresponding value for η H ) when t ≈ −3.5, which gives k ≈ 0.11 a 0 . For values much below this limit the first-order expressions (49) are consistent, and, by considering its initial behaviour as t → −∞ (ϕ → +∞), we find that P T approaches a constant value (n T = 0), while the scalar perturbations behave as
, giving a spectral index of the form (37) and (38) .
The behaviour of both P S (k) and P T (k) are shown in figure 4 . Inside the rank of validity given by (48) the density spectral index is lower than unity, ranking from n s = 1 for k = 0 to n s = 0.095 as the k-value approaches 0.11 a 0 . Also, the ratio of the amplitudes of tensor to scalar modes within the rank (48) is much smaller than unity, the tensor fluctuations always being subdominant and n S close to unity as observed by COBE [39] . If we use as a measure of inflation the reduction in the size of the comoving Hubble length 1/aH during the inflationary era [19] ,
which, according to (44) can be expressed as 
In order to have sufficient inflation to solve the various cosmological problems, it is required that N exceeds 70, which leads, in this case, to a value of ϕ 1 greater than 4.87. Now, we consider the solution (37) and (38) . In this case we also have a chaotic inflationary stage starting at t → −∞ (ϕ = 0), and ending at ϕ end ≈ 0.3369. The exact form of k(ϕ) is a rather complicated expression, but its relevant feature is that the condition (48) holds in the limit t → −∞ (ϕ → 0 + ). Here the condition (48) is satisfied, if t −0.05 which gives k 0.45 a 0 . The asymptotic expressions for P S , P T and k for small ϕ values are
From these expressions we obtain P S (k) ∼ k −1 (n S = 0), giving a density spectra with a tilt which is too steep for structure formation to be viable. The tensor perturbations instead behave as P T ∼ k 0 (n T = 0), giving the scale-invariant Harrison-Zel'dovich spectrum. The behaviour of P S (k) and P T (k) are shown in figure 5 . In this case, N approaches the value of 70 for ϕ 1 ≈ 0.1776.
Finally, if we consider the solution (42) and (43), we find that the condition (48) is not satisfied because k/a < |˙ H / H | during the whole inflationary era, as a consequence, the first-order results (46) and (47) do not apply in this case.
Conclusions
We have investigated homogeneous isotropic cosmological models driven by a self-interacting scalar field with different kinds of potentials. For a wide family of such potentials, the Einstein-Klein-Gordon equations in a spatially flat Robertson-Walker metric were solved under the assumption that all the dynamical variables are functions of the scalar field ϕ. This approach was applied to different cases, as the linear combination of exponential potentials arising in effective four-dimensional theories, a variety of polynomial potentials and the class of potentials of the form (32) . In this regard, we have obtained the solutions corresponding to the superstring-motivated self-interaction potentials considered in [14] as special cases of our approach to combinations of exponential potentials. We have also shown that this family of solutions is related to the assisted inflation scenario presented in [27] . Also, we have generalized the results of [28, 33] by embedding them in a wider scheme and enhancing the families of solutions presented in those works. Several solutions from these enhanced families were presented, showing interesting features, such as power-law, de Sitter and intermediate inflationary behaviours. Also, these potentials, which are linear combinations of terms of the form (32) may be capable of supporting the inflation even in those situations where it cannot proceed with a single term of the form (32) . We also studied the scalar and tensor perturbation spectra produced by the inflationary solutions found, and used them to examine the consistency of the first-order slow-roll expansion over the whole ϕ range.
